ABSTRACT This paper studies the dynamic characteristics of the terminal control area described by the max-plus model, with emphasis on the influence of the system parameters on the system efficiency. The main contribution of this paper is to develop a method for analyzing and comparing possible configurations of terminal control area in an efficient manner, such as the effects of changing buffers sizes on the system performance. In addition, Eigen-model of the system model is also presented for analyzing the periodicity behavior of terminal control area. An example is given to illustrate the model performance and the developed method can provide effective support for decision making in possible reconfiguration improvements.
I. INTRODUCTION
Discrete event system (DES) such as traffic control system plays an important role in our daily life. Recently, research community is interested in the techniques which can be used to model and control DES. Terminal control area is a typical DES, whose state changes with certain events instead of continuous time. Due to the sustained growth of air traffic demand, how to optimize the operation in the terminal control area has been the main focus [1] . As a consequence, this inevitably causes the rise of human workload [2] . One one hand, many measures such as redesigning the involved sector and building new airport can be taken to solve this problem. On the other hand, this motivates the optimization techniques aimed at better utilizing available resources. Moreover, air traffic flow is usually controlled by air traffic controllers using voice communication and radar-based monitor to control traffic so that mid-air collisions can be prevented. In particular, the flight information region controlled by a traffic center may be further divided into sub-areas comprising multiple sectors. Each sector is staffed by a set of controllers, which is called sectorization [3] . Aircraft passing from one sector to another are handed off and requested to change frequencies [4] . Several studies emphasized the methods of reorganizing the airspace and these studies consist of a variety of operational contexts such as strategic airspace design, pretactical planning and tactical airspace management [5] .
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Generally, the existing models fall into one of the three categories: (a) Sectorization model is obtained directly from system simulation. As commonly known, the workload of air traffic controller is not easily predicted and differs in each sector. Consequently, fast-time simulation model is proposed and it can provide detailed information for airspace sectorization [6] . (b) Sectorization model is obtained from geometry optimization or graph partition of a given airspace. This is the most widely used approach which regards sectorization as a geometric partition problem. Furthermore, as the traffic demand changes during the whole week, dynamic sectorization can convert the rigid & static airspace to a dynamic one which is flexible enough [7] . In this perspective, a dynamic sectorization algorithm which combines a k-means clustering-based algorithm and an integerprogramming-based algorithm are developed [8] . In order to reduce the workload of controllers, the bi-partitioned algorithm based on N-cut spectral clustering method is also proposed [9] . Moreover, dynamic sectorization begins with the construction of an undirected graph and the problem is treated as a weighted graph partitioning problem [10] . For 3-Dimensional sectorization, the problem has been formulated as a multi-objective optimization problem [11] . (c) Sectorization model is obtained based on heuristic algorithm. Indeed, dynamic sectorization is an initial method to design an airspace in order to achieve capacity-demand balance [12] . To facilitate utilizing the airspace more efficiently, an undirected graph partition approach which uses the evolution algorithm is presented [13] . In addition, the sectorization by applying sorting genetic algorithm is also proposed [14] . However, aircrafts' converging trajectories may generate conflicts in a specific time period. As a consequence, self organizing map neural network optimization algorithm is adopted [15] . As a result, the airspace is denoted by a graph and each sub-area is created using evolution genetic algorithm [16] . (d) Sector-less model. As the volume of air traffic grows, conventional sectorization methods have their limits and also bring about inefficiency. This problem can be solved by the introduction of a sector-less airspace [17] .
Overall, the characteristic of air traffic flow has been most evaluated in terms of its influence on air traffic controllers' workload. Although the excellent performance of distinct sectorization algorithms, few literature concentrates on efficiency of terminal control area using different criterions. One interesting concept, which has not yet been covered by the existing literature, involves the determination of optimal configuration and resource utilization ratio for terminal control area. This is the main practical ''gap'' that this paper attempts to address in the real-world. Particularly, the available flight levels corresponding to holding procedures is called buffer. Han et al presents a general framework for resolving flight conflicts expressed in the form of a max-plus linear model [18] . However, they didn't introduce the detailed technique to analysis the system model itself. Thus, there is a need to introduce new methods for analyzing traffic flow in the terminal control area. Generally, system models which describe the dynamic behavior of DES are nonlinear in conventional algebra (e.g. the constraints is of the form: x mj = max x m−2,j + t m−2,j , x m,j−1 + t m,j−1 . As a consequence, this constitutes the motivation for the work presented in this paper. This paper is organized as follows. Firstly, Section 2 introduces the max-plus algebra and describes the modeling approach for terminal control area. Then, the properties of system model and optimization analysis are given. An application of the model is illustrated using a numerical example in section 3. Finally, conclusions are drawn in Section 4.
II. FORMULATION OF MAX-PLUS MODEL FOR TERMINAL CONTROL AREA
The max-plus algebra has two basic operations, ⊕ and ⊗. What makes it an attractive tool for modeling terminal control area is that the timing dynamics of aircraft can be expressed by a set of linear equations [19] , [20] . Define ε = −∞ and R max = R ∪ {ε}, where R is the set of real numbers. Then ⊕ and ⊗ are defined by:
(1)
for elements x, y ∈ R max . Additionally, ⊕ has null element, ε, since x + ε = ε + x = ε. Similarly ⊗ has unit element, e = 0, as x ⊗ e = e ⊗ x = x. The sum of matrices A ⊕ B and the matrix product A ⊗ C is defined as:
for matrices A, B ∈ R m×n max and C ∈ R n×p max . As is well known, flight plans are implemented by departure or arrival time in terminal control areas. The state of terminal control area is related to the discrete events occurred during distinct time instants [21] . Consider a departure route with M sub-segments in the terminal control area. Let m = [m 1 , m 2 , . . . , m M ] be an ordered set of sub-segments and n = [n 1 , n 2 , . . . , n N ] be an ordered set of aircraft. Each
in the order specified by m. Each m j processes n i in the order specified by n. In addition, each aircraft n i requires a processing time t ij on sub-segment m j . Furthermore, it is assumed that the terminal control area is deterministic, i.e. the processing time of each aircraft on the sub-segment is known in advance. Then the system dynamic can be described by:
where u (k) is the time instant at which aircraft is 'fed' to the sub-segment for the kth time; x (k) is the time instant at which the sub-segment start processing the kth aircraft; y (k) is the time instant at which the kth aircraft leaves the subsegment; F is the system matrices which specify interconnections between input and output. Generally, the Eigen-value of a system matrix A can be regarded as the time interval required to complete an operation from the beginning to the end. In addition, the Eigenvector associated with this Eigen-value represents the system steady state behavior. That is,
where µ is called an Eigen-value of A and v an Eigen-vector of A associated with µ. Before aircraft is ready to depart, some constraints must be satisfied. Thus, one buffer can be represented by a sub-segment having zero processing time for aircraft that enter this buffer. The sub-segment is ''set free'' by the terminal control area as soon as all the aircraft involved have been removed. In the next section some analysis techniques that can be used to analyze the system model will be investigated. In short, the max-plus model of terminal control area determines the sequence and timing of activities in terminal control area [22] . In other words, the resources are ''recycled.'' Let k be a cycle index. Dynamic behavior of terminal control area can be given by the equation below:
where N, N f and M are both feedback matrices. As a consequence, the closed loop form of the terminal control area model is built in a recursive way. Besides, extensive analysis of real air traffic flow showed that it is not always evenly distributed over each fix in terminal control area [23] . As is well known, periodic steady state can reduce the workload of air traffic controllers and improve the regularity of terminal control area [24] . Therefore, particular attention must be given to the analysis of periodic steady state for terminal control area. As a result, two basic properties are presented. 
Finally, this justifies the following theorem. Theorem 1: For A ∈ R N ×N max , then the Eigen-vectorX k can be obtained by:
This theorem also gives a recursive procedure for calculating the Eigen-vector of max-plus equation. For more details, please refer to the following references [25] . In the following section, four configurations are pursued and their specifics depend on the number of buffer allocated. The system output will be demonstrated and analyzed from various aspects [26] . Sometimes instead of explicitly specifying Eigen-value, η i is introduced for each sub-segment i in order to evaluate the utilization ratio of each sub-segment quantitatively and the utilization ratio is defined by:
III. CASE-STUDY AND DISCUSSION
The proposed max-plus model is applied to a terminal control area and the goal is to acquire the quantitative description of the terminal control area performance using the approach described above. The procedure adopted in this section is the following: Firstly, the instance sets and simulation parameters are given. Then, the simulations are implemented and the distinct configurations under comparison are described. Finally, the scalability of the model and the computational needs to implement this model are discussed. More specifically, the flight information comes from a notional example and Shanghai terminal control area which includes two airports, ZSPD and ZSSS, is considered. The instrument departure charts of ZSPD and ZSSS are given in the reference [18] . In total, there are nine departure fixes in the terminal control area from which different traffic flow can be derived. Besides, the flight trajectories are obtained from the 'base of aircraft data' [27] . For the trajectory simulation, the total-energy model which equates the rate of work done by forces imposing on the aircraft to the rate of increase in potential and kinetic energy is applied, that is:
where T HR is thrust; D aerodynamic drag; m aircraft mass; h altitude; g 0 gravitational acceleration; V TAS true airspeed. The inputs allow any two of the following three variables of thrust, speed, or rate of climb or descent to be controlled. In addition, the terminal control area allows neither routing or internal overtaking. That is, the flight path and sequence of each aircraft in the terminal control area are deterministic and there is no overtaking. In the following section, the departure fix 'ALDAP' is taken as an example and the flight information is presented in Table 1 .
Moreover, the aircraft departure trajectory is divided into four sub-segments based on the altitude profile as described in base of aircraft data, which corresponds to 40km in the horizontal plane. The following parameters are defined for each aircraft type to characterize the climb phase: ( For simplicity, only four aircraft are selected. The analysis of system model includes two steps. In the first step the system output with different buffer is derived, i.e. the system output as shown in Table 2 . Then, the utilization ratios of system resource are obtained for different sub-segments in the second step, i.e. the utilization ratio diagrams illustrated in Fig. 4 .
A. SYSTEM CHARACTERISTICS ANALYSIS WITH DIFFERENT CONFIGURATIONS
From what has been discussed above, the system analysis starts from an arbitrary initial input and the process time matrix (unit: s) is: Table 2 . After finite iterations the system output of terminal control area achieves the periodic steady state regime. It is shown that the steady state period of terminal control area equals to the Eigen-value of the system model, whereas the Eigen-vector of the system model for terminal control area can provide data from which optimization scheduling can be obtained.
Clearly, the system output of terminal control area is complex even for the simplest case. As shown in Table 2 , there exists a transient stage before the terminal control area achieves the periodic steady state, and the system achieves the periodic steady state after four iterations.
More generally, the transient stage will be more complex when increasing the buffer size. This proves that any change of system parameters will result in distinct system output.
In what follows, how the model can be used for system performance evaluation and optimization scheduling will be shown.
Equipped with the above definitions, the properties of terminal control area models in terms of the underlying Eigen-value, eigenvector and cycle time will be given below in detail. For example, when the ordered set of aircraft is ''4 − 2 − 1 − 3,'' then the steps required to achieve periodic steady state is four, λ = 223, d = 1 for K = 0. Similarly, the detailed analysis corresponding to other system models with b = 1 can also be obtained as shown in Fig. 1 .
In summary, all the system models have the same steps to achieve periodic steady state except model 4. Moreover, the minimum Eigen-value λ = 223 and the maximum Eigen-value λ = 238 can provide decision making for air traffic controllers. Since the buffer configuration is closely related to system steady state of terminal control area, distinct results can be derived for different configurations. Similarly, the analysis for b = 2/3/4 can also be acquired as illustrated in Fig. 2 from what has been discussed above. On one hand, the developed method can be used to tune the model parameter to achieve steady state faster. On the other hand, the approach can also be applied to determine the ranges of processing time on each sub-segment for which the inter-arrival time would be kept as a constant. This is very useful when a constant inter-arrival time of terminal control area is required for steady-state operation. It can be seen that the analysis differ significantly from the former case with a single buffer. To be more specific, the required steps to achieve periodic steady state for the terminal control area are three for thirteen system models, but it becomes four for eleven system models. The analysis given above can provide valuable insights which refers to the optimal buffer allocation for each sub-segment in terminal control area. In addition, one can also acquire the best ordered set of aircraft on the basis of the preset criterion. To sum up, the configuration with multiple buffers performs well in the example presented above since it minimizes the total cyclic time, which can guarantee better performance. However, it can be seen that the required steps to achieve the steady state increases for medium/high buffer size compared to that for low values. An explanation of this phenomenon could lie in the tight constraints that the model would generate.
B. UTILIZATION RATIOS EVALUATION OF SYSTEM RESOURCE WITH DIFFERENT CONFIGURATIONS
Using equation (9), utilization ratio of sub-segment can be easily calculated for the four configurations. Therefore, the utilization ratio of each segment for the twenty-four models can be obtained with different configuration. Fig. 3 shows a diagram of utilization ratio for the considered terminal control area. Another useful application of utilization ratio lies in the effect of processing time on a particular subsegment. Additionally, the analysis of system model can also be implemented using other indicators related to the ordered set of aircraft such as total idle time of each sub-segment, total flow-time of each sub-segment and make-span, etc.
In a similar way, the utilization ratio of the other subsegments can also be obtained. Moreover, the utilization ratio increases with sub-segment index, which is consistent with the intuition of Eigen-value minimization. In view of these results, it can be seen that the configuration adopted to optimization system operation is of great significance for the terminal control area.
Plugging in values into equation (9) with b = 2/3/4, the utilization ratios can also be acquired as shown in Fig. 4 , sub-segment 1 has four distinct utilization ratios compared with the former case, namely 0.8241, 0.8184, 0.8222 and 0.8018. In a similar way, the utilization ratio of the other sub-segments can also be obtained, which is of great significance to determine an appropriate buffer for each subsegment in the terminal control area. To sum up, the system model formulated can provide better insights into analysis of terminal control area which leads to better decision making.
The proposed analyses would allow system designers to know which sub-segments are sensitive to the changes in processing time and whether it will affect the average utilization ratio or the total idle time. In particular, the system model has the potential to be used in analyzing different sub-segment performance such as the total idle time while considering the model parameters as variables.
Finally, some other simulation scenarios are also formulated in terms of holding procedures for the terminal control area in order to evaluate the performance of the system model in real-world implications. (1) Scenario 1-no holding procedures between sub-segments; (2) Scenario 2-single holding procedure is added to each sub-segment; (3) Scenario 3-two holding procedures are added to each sub-segment; (4) Scenario 4-three holding procedures are allocated for each subsegment. For different scenarios, the system managers want to find an efficient method to utilize the segments. To determine the appropriate number of sub-segments, the economic indicator such as fuel cost is considered. Moreover, the following assumptions are considered to analyze the cost of each scenario: the total number of scheduled flights are 160 per day. According to Fig. 5, scenario 1 has the highest cost of fuel cost of 25,295,376kg per year. In contrast, the second scenario has the lowest fuel cost of 23,673,024kg and more buffers are not better.
Given the conclusions mentioned above, the air traffic controllers can easily determine the optimal configuration for each sub-segment that minimizes a particular cost criteria in the terminal control area. The approaches presented in this paper could be further developed into a analysis tool which can be used by engineers and managers. However, an efficient algorithm should be developed to produce the optimal sequence automatically. More specifically, the problem space can be defined as: Q = {the combination of process time matrix} From the definition of the cost function it follows that Minimize f (x) = |Q|. The expression has various meanings for distinct purpose. In the following section, genetic algorithm (GA) has been proposed to obtain the optimal ordered set of aircraft and the main steps are presented below:
In the following sections, the worst-case complexity of system model for feedback effect, Eigen-value and Eigenvector will be presented separately. Suppose that the number of aircraft and sub-segment considered are m and n respectively, the dimensions of each system matrix is demonstrated in Table 3 in which p = mn, q = m+n, N = A * (F ⊕ BKC), N f = CA * F, M = CA * BK and A * = E ⊕ A ⊕ · · · ⊕ A p−1 . These dimensions form the basis for the complexity analysis described below. Regarding the complexity of the system matrices, A * is known to be O p 3 , the same complexity as A * (F ⊕ BKC). Similarly, the complexity of BKC is O pq 2 + p 2 q and it becomes O p 2 q for CA * F. Moreover, CA * BK has a complexity of O pq 2 + p 2 q + q 3 . The complexity of Eigen-value and Eigen-vector given in Theorem 1 are both O q 3 . Based on the complexity of these system matrices, the overall complexity of the system model can be easily obtained. Clearly, the number of aircraft and sub-segment are directly proportional to the complexity of the system model.
IV. CONCLUSIONS
This paper presented a new analysis approach for terminal control area. From the perspective of different system configurations, some equations for analyzing terminal control area system model are derived. A number of analytical methods provided by the system model have been investigated and the approaches can be used for (a) system performance evaluation, (b) scheduling, (c) system model structural analysis, and (d) design of terminal control area. Currently the system model of terminal control area applies to deterministic scenarios. However, future extensions will focus on introducing stochastic scenarios in which the process time are stochastic.
